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Abstract

FFor space missions such as NASA’s Magellan mission to Venus and the Cassini mission to Saturn,
the communication channel to Farth has a limited channel capacity. This limitation requires that
the output of theradar be encoded. Block-adaptive quantization can achieve the required data
rate reduction. 1 lowever, coding the 8-bit radar samples within a given block using 2 bits affects
the accuracy andthe gain of the reconstructed signal.In this paper, wc consider three diflerent
optitnization criteria, and we compare the performance of the resulting codes.




1 Introduction

T'he Magellan spacecraft used a Synthetic Aperture Radar (SAR)to probe and image much of the
surface of Venus. 011 succesive orbits, reflected echoces from the SA R signal were collected around
periapsis, and the raw data was retransmitted to earth during the remainder of the orbit.

The amount of 8-bit raw data collected to produce SAR imagery was enorious. Given the 806
KHz constraint on the data rate,and the nominal transmit thiime of 37.2 minutes, data compression
was required to meet the science objectives. The data compression was accomplished by reducing
cach raw 1/Q sample to 2 bits, one for sign and the other for magnitude. The value of the magnitude
bit was determined by the estimated power for a block of samples, and the corresponding value
transmitied to earth along with the compressed data samples. Grouping adjacent SAR- samples
into blocks is justified by the fact that the SAR’s signal statistics arc (Gaussian, the variation
inthe power of the: returnecho (i.e. the variance of the signal) being a slow function of range,
and the fact that the echo power profile is very nearly periodic with respect to transmitted-pulse
number. The encoding thresholds and decoding values for every given block of datasamples were
determined to satisfy certain optimization criteria whose aim was to keep the quantization noise
low without introducing any gain to the signal.

FFor the Cassini mission to Saturnand Titan to beginin 1997, limited resources once again
constrainthemaximum data rates. ‘1'0 accomplish the science requirements and satisfy the resource
constraints, a block- adapt ive quantization algorith insimilar to the one used for Magellan will be
implemented. However, aclosc exam of the. Magellan algorithin showed that its performance could
be improved, in a way that would not have significantly affected the overall performance of the
Magellansignal processing algorithm but that will be crucia for Cassini.

In this paper, wc describe the optimization criteria onc is naturally led to consider, and we
compare the performance of the resulting quantization algorithms.

2 Mathematical Approach

Theinput to our A/n converter consists of amplified radar echoes plus receiver and thermal noise.
Symbolically, the /" radar sample S;,, () within a block of M samples can be represented as a sum

E

Sm(i) = S]{(i) + 81(?) 4 \Sk(l’), 1 < 1 < ]W s (1)
k=

—

where sp represents receiver noise, sy represents thermal noise, and cach si(2) represents the
backscattered signal received during the time interval corresponding to the it sample, from the
kY radar resolution bin. Fach of the summandsinthe rigl]t-llalld-side of (1) has 0-mean Gaussian

2



statistics. Thercfore Sy, itsell is 0-mean Gaussian. Assuming that the input to the A/l) converter
is sampled using 8 bits, we would like to find the “opstimal” 2-bit code to represent these samples.
There are three distinet optimality criteria.

First,the direct criterion of Max ([4]) and Lloyd ([3]) canbe considered. Accordingto this
approach, we must minmimize the quantization noise, i.c. the ran. s. difference

\/‘C {’vin\' - ‘Sout )2} (2)
between the input 8-bit samples Siy, and the 4-level (2-bit representation) decoded output samples
Sout- Dilce, I our case, in addition to minimizing the quantization noise, we need to make sure
that the gain remains equal to one, after ininimizing (2) we would still need to calculate the gain
G = £{S2,}/E{S%} that would result, and divide the output Sou by v/G.let us call this the
modified Max-1Lloyd approach.

A somewhat different sccond approach consists inimposing the 0-dB-gain requirement a
priori. In this case, weneed to find the code that minimizes the quantization noise (2), subject to

the condition £152 )
G- Aiewtd

W c call thisthe conventional-0-gain approach.

The third approach was originally proposed for the SAR on NASA's Magellannission ([2]). It
is motivated by the obscrvation that if a single given sum mand s, () in equation (1) is assumed to
be deterministic rather than stochastic, say if si(7)=:y aconstant (small) value, for al ¢ between 1
and M, thenone might not be so muchi interested in enforcing condition (3) as inmaking sure that
the constant value ytdoes not get altered by the quantization. Since, under such an assumption,
the input signal Si;, would then be Gaussian with mean g, a real number relatively close to zero
(compared to the variance of Si,), the third approach would seek to minimize expression (2)
subkect to the condition that the “linear gain”

'(rj"g{‘(g.m(g{ Sc,ut})> - (4)
E{Siy}=0

representing the rate of change of thencan of the output with respect to the mean of the input

when these means are close to zero, remainequal to one. Weshall call this the lincar-0-gain

approach.

Let us now try to solve each of thesethree optimization) problems. ‘10 fix the notation, cal o
theran.s. value of the input signal S, write 7' for the encoding threshold, and yo and ¥1 for the
decoded output Icvels. Thus

—yy if S <Y

- if T < S <0

Sout = vo ! ,

“out Yo if O S‘Sin < 7T (5)
yr f T < Sin




Inthis notation, the noisc-to-signal ratio N (1, Yo, yy ), given by the square of expression (2) divided
by 0%, canbe written as

] 2 yw - -
N - (2:’0> I (yl) Yo [8 72 /(202 s
R I el gy - (1-- e N - B 1)

o s (6)

IFor each of the three approaches outlined above, the problem is to deterinine the optimal
values of T, Yo and y,, as functions of o. We showin the appendix that the conventional 0-gain
approach requires us to

Al) minimize N(1', Yo, y1) as represented by (6),

s o (7) i (La) < () (e (1))

On the other hand, the lincar-0-gain approach requires us to

B1) minimize N(T', yo, y1) as represented by (6),

v [8 ..
B2) subject to —~V— £ ; 12/(2"2)> 4 il}\/— ¢ 1N ]

oV w
Again, the details are supplied in the appendix. Finally, the mnodified Max-Lloyd approach requires
that we
C1) minimize N (7T, yo, ¥1) as represented by (6),
*\ 2 ok xy 2 ek
‘ , Yo 1 vi 1 g
C2) compute G = <~> erf | — | <~> 1—erf{--2= 11, where 77, ¥ and y7 are the
) 1 | o O\/é o /2 Yo J.]
optimal values found in C1, :

(3) then use y5/VG and y3/V/G as our decoding levels.

As we show inthe appendix, it turns out, that the optimal value for the encoding threshold
1" is the same in al three cases: it is givenby7'= V20, wherea is that positive real number
which solves the equation

- _.(.? ] s 2 r 2 ~ 1’2 2
1- C}-f(a_‘,) - crf(:(:) 2\/—7r m»f(ag) . Qﬁ 1 Cl‘f(:lt) = Q. o

The solution is x ~ 0.6941, so that 7' ~ (0.98160.




Astothe decoding levels, we show inthe appendix that the optimal levels minimizing N i.c.
satisfying C1, are given by
1-- ¢
== 770 045280 8)
i) (

SR NN

N

\/- - o~ 1.5104a (9)

|—(1f

2 o —2?y2 -2%3y2
Sitice the gain is then given by G = - (.]- ~ ) , ,(f L
T erf(a) 1-- erf(a)y

coding levels for the modified Max-Lloyd approach (i.e satisfying C3)are given by

~ 0.8825, the optimalde-

AT A 4 - L a5 ~ (04820 (lo)

v 1-c¢” ((1 S (e
VG o erf(z) 1-Cl f(T))

* _2 - _
2 e d-e Jr"’)2 L )2

yr - VG ‘17_'7”703(:17) (- erf(a) Tf‘m (3)

We show in the appendix that the decoding levels given by formulas (1 O) and (11) are also the
optirnallevels for the conventional 0-gain approach. Thus these two approaches lead to thesame
encoding and decoding values. Theoptimal decoding levels for the linear-O-gaill approach, how-
cver, are different. It turns out that Bl and B2 imnply that, in that case, the optimal levels y§ and
Yy arc given by

2 2 Nt 1
A RSP AN (S0 R (Y
Yo = @ mf () \/2 ( (a] 1 1 - crf(x) o = 05130 (12)

S [ St Gt 8 IR P
L A (rl‘f(af)\/ ( "1 - erl(@) o~ 1150 (13)

1/2 o~ 1.60780 (11)

Thus the conventional 0-gain approach immplies lower decoding levels (formulas (10) and (1 1))
than the linear-0-gain gain approach (formulas (12) and (13)). Inthe case of a SAR signal,
it is clear from (1 ) that thesamples S;,(7) to be coded have 0-mecan Gaussian statistics. The
performance of the coding algorithm will therefore depend on the variance of S, not on the
variance or the possibly non-0mean of any individual sumnmand sk, precisely because the coding
is a noll-linear process. Thus,inour case, the linear-0-gain criterion is of little rclevance: the
optimal approach is to usc the conventional 0-gai n constraint. 111 the following section, we make
these considerations more quantitatively precise.



3 Results

Wit} thblock-adaptive quantizers, ther.m s value of the input samples is computed assuming all
samples within a given block have identical statistics. In practice, one canexpect consistent
fluctuations withina block, especially whenthe block falls at the leading or trailing edge of a
radar pulse window. Figure 1 a shows the noise-to-signal ratio N when the ran.s.level o4, of the
actual input signal is different from the design ran. s. level o, assuming that the quantization is
performed according to the classical Max-1loyd algorithm with 110 gaimn adjustment. Figure 1 b
shows the gain as a function of ¢, ./o inthis case. Note that the lowest noise level, -9.31 dB,
is achieved when o, is exactly equalto the design o, as expected. The corresponding gain is
-0.53.5 dB.Iigure 2a shows a plot of the Iloisc-to-signs] ratio N as afunction of o,./0 whenthe
quantization is optimized according to our conventional 0-gaincriterion (or, equivalently, according
to the modified Max-Lloyd criterion), Iigure 2b shows a plot of the gain as a function of 0,./0
inthat case. As expected, the gainwheno,. = o is exactly O dB. The corresponding noise level,
-9.173 dB, has slightly degraded. Figures 3a and 3b show the noisc-to-signal ratio and the gain,
respectively, when the quantization is optimized according to the linear-0-gain criterion. Note that,

inthat case, when g, is exactly cqual to o, the gain is 0.55 dB and the qua ntization-noise-to-signal
ratio is -8.76 dB.

I practice, efficiency dictates that a discretization of the function which pairs a particular
computed il~put-levc]-r.in.s.-valuc o = E{S? } with the appropriate encoding threshold 7' (and
hence to the decoding levels yg and yy ) should be ~)rc-computed and stored in the spaccborne
instrument. In fact, rather than using the estimated root-mean-squared value of the input, one
can usc the more readily computable estimated Ineall-absolute value < = £{|S;,|}. For a 0-mean

(Gaussian input signal .S;, sampled using 8 bits, one can easily check that o and ¢ arc related by

([2)
127 n
¢ = 1275 — > o (;\/5:) (14)

n=1

The noise-to-signal ratio curves allow one to compute the best discretization of the ¢- 1" correspon-
dence. Figure 4 shows the discretized ¢- 1 pairing used for the Magellan mission’s SAR, and figure
5 s] 1ows the pairing to be used for the Cassinimission’s SAR. I'or Magellan, 7' was represenited as
a 7-bit word. In the case of Cassini, 7" isrepresented as a(7-integer-bits)+(1-fractionial-bit) word.
While the different optimization criteria for Magellan and Cassini produce the same thresholds,
the lloise-to-signs] curvesare dlightly diflerent. Hence the resulting ¢- 1" correspondence is slightly
different, mostly at the upper end of the input dynamic range, where the input level is well into
the saturation) region.
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5Appendix

If S, is assumed 0-mean Gaussian with variance o, the r.m.s. quantization noise ('2) produced
by the algorithm described by equation (5) is given by

N ¢

where p(S) = - \]/5___%‘ 055%/o*  When the integrals are calculated, and the result squared and
T

divided by o2 one obtains formula(6) for the lloisc-to-signs] ratio V.

According to our conventional 0-gain approach, wc thenneed to minimize N subject to the
requirement that the gain (3) be equal to 1. The gain is given by

T

T ] ‘ fU ‘ ' ‘ ‘ oo ‘ 1
( [ s + [ wolp($)dS 4 [ o p($)as 4 [ ) p(s)as
h - )

rg 2 _’l'
Yo 2 1 y]> <] —_— Qrf <- ))
- (29 aof (= -] + ( {15
(0) “! <g\/§) o 0\/2 ( )
whence requirements Al and A2, To solve the optimization problem in this case, write 2 for
1/(6v/2), 20 for yo/o, ant] zfor ¥1/0. We must then minimize

zoerf(z) 4 22 (1 - erf(a)) - zo\/ii‘(] ) - 21\/'§C~“ (16)
r ™

subject, tothecondition
zoerf(x) 422 (1 - erf(z)) = 1 (17)

Using the Lagrange multiplier A, the condition that the partial with respect to zybe O gives

2

1 - 1
2 18
O ef(z) 1) (18)
the condition that the partial with respect © zybe O gives
c- 1
2 = (19)

Z(I - erf(x)) X))

7

-77 , 0 1 ) ' , o0 , ,
(/ (-1 5 )2p(S)ds  + /T<— vo - S)?p(S)dS —{/0 (%o - ) "p(S)dS - /J (y1-5) 21’(5)d5)

1/2



the condition that the partial with respect to o be o gives
T D7 SRS IS L N\ 0
- e T s ] =0, 7
1 - erf(a) erf(x) 2\/7( _nerf(a) ) © 27 \1 - erf(2)
and condition (17) becor nes

R N e
D ooy, - af(z) (20)

It isnow easy tosolve (18), (19), (7) and (20) siinultancously. IN fact, cquation (7)isindependent
of the others and directly gives @, hence 7. And when expression (20) is used for A in (18) and
(19), onc finds that

B Y (SR N Gl A I 2
0T TR ( af(x) Jl“ilf(')) !
-1/2

.2 2 2

e 1- ¢2 2 e 7 2

R (e @
- orf(x) erf(z)

(sce equations (10) and (11) inscction 2).

On the other hand, according to the linear 0-gain approach, we need to minimize N subject
to the requirement that the “lincar gain” (4) be equal to 1. With p, (S) = —===z ¢705(8=p)?/0?
and calling jzoyy the mean value £{S,,:} of the output signal &ou; this “gain” is given by
()/loui a *’T . , 0 , , ,] , o0 ,

S / (=)pu(S)dS + /T(*yo)m(ﬁ)ckg 'f'—/o Yopu(S5)dS + /J y1pu(S)dS | (23)

e el

20\/” (] - (;‘1?) + 2z \/— ¢ when =0, (24)
7r s

whence requirements Bland B2 (we are still writing  for 7'/(0/2), 2o for ¥/, and z; for y1/o).
To solve the optimization problem in this case, we must minimize

1"

erf(z) 4 28 (1 - erl(z)) - 20\/2(] - (:“"2) -- Z:/‘S—c"" (25)

s

8 8
20\/;{ (] -—C '7'2) - Z]\/; ¢ 7 1. (26)

Using the Lagrange multiplier v, the condition that the partial with respect to zobe O gives

subject to the condition

a2

( - v, (27)

I - e
ZO::—- —

2crl(z)
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the condition that the partial with respect to z; be 0 gives

=
2y = - __1/ ’ Y
2(1 - erf(a)) (-=/) (28)

the condition that the partial with respect to @ be 0 gives

et IR I £ fo e . .
X m B e = S — =
1 — erf(z) ! erf(a) 2/ \ erf(z) 27 \1 — erf(a) ' 0

e . = - (29)

1[G - ) (e
“erf(a ') 1-- erf(a f) v

It is now casy to solve (27), (28), (7) and (29)simultancously. Again, equation (7) is independent
of the others and directly gives a, hence 7. And when expression (29) is used for vin (27) and
(28), one finds that

, |- _#i)z ((,‘-3.2)2 o
o = (If (x)-- J 2( f(z) | - Ef(:lj) (30)

, — I 1 _________ (c»a-? 2-1
7 1 - oxf Y/é le 1 '_uf(;.); (31)

wherice equations (12) and (13) in section 2.

Finally, if we use the classic Max-lloyd approach, wenced to minimize N, then calculate the
gain and norialize by its square-root (requirements C1, C2 and C3). Still using z for 7'/(o/2),
zo for Yo/0,and z for y; /o, the condition that the partial of N with respect to zgbe O gives

2

21-¢77 '
S falial 9
“o \/7T 2erf(z)’ (32)

the condition that the partial of N with respect to z;be O gives

. _ \/>2 ¢t 33
VT 20 - erf(a) (33)

(see cquations(8)and (9) in section 2), and the condition that the partial of N with respect to x
be O gives once again

2 2 _ 2 2 2
1 —¢™? ] 1-¢e® 1 e "
PR PP VA S (S S [ S U AU D)
1 - erf(2) erf(a) 27\ erf(a) - 27 \1 - erf(2) )




The resulting gain is given by

w0 1-t'fi“f_(_<1_~c*2>m R(cf’f)?)””
0 - | i

erf(a) ClI'f(x) 1-- erf(a
T s SN PRI PO
- 1ef(z)  ef(a) 1 ~erf(7))

whence equations (1 O) and (1 1 ) insection 2.
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